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SOME IDENTITIES OF q-BERNOULLI NUMBERS
ASSOCIATED p-ADIC CONVOLUTIONS
J.J. SEO, T.KIM, S.H.LEE
Abstract. In this paper, we give some interesting and new identities of
q-Bernoulli numbers which are derived from convolutions on the ring of
p-adic integers.
1. Introduction
Throughout this paper Zp,Qp and Cp will denote the ring of p-adic integers,
the field of p-adic numbers and the completion of algebraic closure of Qp. The
p-adic norm is defined by |p|p = p
−vp(p) = p−1. Now, we set
Up = {α ∈ Cp| |α− 1|p < 1}
and
Tp =
{
w ∈ Cp|w
pn = 1 for some n ≥ 0
}
,
so that Tp is the union of cyclic (multiplicative) group Cpn of order pn (n ≥ 0)
and Tp ⊂ Up (see [12]). Let UD(Zp) and C(Zp) be the space of uniformly differ-
entiable and continuous function on Zp. For f ∈ UD(Zp), the p-adic invariant
integral on Zp is defined as follows :
I0(f) =
∫
Zp
f(x)dµ0(x) = lim
N→∞
1
pN
pN−1∑
x=0
f(x), (see [11]). (1.1)
For w ∈ Tp, the p-adic Fourier transform of f is given by
fˆw = I0(fφw) = lim
N→∞
1
pN
pN−1∑
x=0
f(x)φw(x), (see [12]), (1.2)
where φw(x) = w
x.
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Let f, g ∈ UD(Zp). Then C. F. Woodcock defined the convolution of f and g
as follows :
f ∗ g =
∑
w
f̂wĝwφw−1 , (see [12]). (1.3)
From (1.3), we note that
f ∗ g ∈ UD(Zp), (f̂ ∗ g)w = f̂w ĝw, (∀w ∈ Tp), (1.4)
and (UD(Zp),+, ∗, V ) is Banach algebra, where V (f) = min {ν(f), R(f)} , ν(f) =
infx∈Zp νp (f(x)) and R(f) = inf νp
(
f(x)−f(y)
x−y
)
, x 6= y ∈ Zp, (see [12]).
Let int Zp = {f ∈ UD(Zp)|f ′ = 0}. Then int Zp is ∗-ideal of UD(Zp). Dif-
ferentiation induced a linear isometry
UD(Zp)/intZp −→ C(Zp) by (f ∗ g)
′ = −f ′ ⊛ g′, (1.5)
where f, g ∈ UD(Zp) (see [12]). By (1.5), we get
(f ⊛ g)(n) =
n∑
i=0
f(i)g(n− i), (1.6)
where f, g ∈ C(Zp).
For f, g ∈ UD(Zp) and z ∈ Zp, it is known that
f ∗ g(z) = I
(x)
0 (f(x)g(z − x)) − f ⊛ g
′(z), (1.7)
where I
(x)
0 (f) = limN→∞
1
pN
∑pN−1
x=0 f(x).
When one talks of q-extensions, q is variously considered as an indeterminate,
a complex number q ∈ C, or a p-adic number q ∈ Cp. If q ∈ Cp, then we normally
assume |1− q|p < p
−1
p−1 so that qx = exp(log q) for |x|p ≤ 1. We use the notation
[x]q = [x : q] =
1−qx
1−q . Thus, limq→1 [x]q = x.
As is well known, the usual Bernoulli numbers are defined by
B0 = 1, (B + 1)
n −Bn =
{
1, if n = 1
0, if n > 1,
(1.8)
with the usual convention about replacing βi by βi (see [1-10]). In [1.3],
Carlitz defined the q-extension of Bernoulli numbers as follows:
β0,q = 1, q(qβq + 1)
n − βn,q =
{
1, if n = 1
0, if n > 1,
(1.9)
with the usual convention about replacing βiq by βi,q. By (1.9), we easily see
that
β0,q = 1, β1,q =
−1
[2]q
, β2,q =
q
[2]q[3]q
, β3,q =
(1− q)
[3]q[4]q
, · · · .
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In this paper, we consider the modified q-Bernoulli numbers, which are slightly
different Carlitz’s q-Bernoulli numbers, as follows :
β˜0,q = 1,
(
qβ˜q + 1
)n
− β˜n,q =
{
logq
q−1 , if n = 1
0, if n > 1,
(1.10)
with the usual convention about replacing β˜iq by β˜i,q.
The purpose of our paper is to give some interesting and new identities of the
modified q − Bernoulli numbers β˜n,q which are derived from convolutions on
the ring of p-adic integers.
2. Some identities of q-Bernoulli numbers
Let us consider the following q-extension of Bernoulli numbers :
β˜0,q = 1,
(
qβ˜q + 1
)n
− β˜n,q =
{
logq
q−1 , if n = 1
0, if n > 1,
(2.1)
Then, by (1.1), we easily see that
β˜n,q =
∫
Zp
[x]nq dµ0(x)
=
log q
(1 − q)n+1
n∑
l=0
(
n
l
)
(−1)l−1
l
[l]q
, n ∈ Z+ = N ∪ {0} .
(2.2)
In the equation (1.6) and (1.7), if we take p-adic integral on Zp with respect
to variable Z, then we have
I
(z)
0 (f ∗ g) = I
(z)
0
(
I
(x)
0 (f(x)g(z − x))
)
− I
(z)
0 (f ⊛ g
′(z)) . (2.3)
By (1.4) and (2.3), we get
I
(z)
0 (f ⊛ g
′(z)) = I
(z)
0
(
I
(x)
0 (f(x)g(z − x))
)
− I
(z)
0 (f)I
(z)
0 (g). (2.4)
Let us take f(x) = [x]m
q−1
, g[x] = [x]nq . Then
q′(x) = n
log q
q − 1
[x]n−1q , (m,n ∈ N).
Now, we set
Aqm,n = I
(z)
0
(
[z]mq−1 ⊛ [z]
n−1
q
)
, m, n ∈ N. (2.5)
From (2.4) and (2.5), we can derive
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n
log q
q − 1
Aqm,n−1 =
∫
Zp
∫
Zp
[x]mq−1 [z − x]
n
q dµ0(x)dµ0(z)− β˜m,q−1 β˜n,q. (2.6)
Note that
[z − x]nq−1 =
(
[z]q − q
−1qz [x]q−1
)n
=
n∑
l=0
(
n
l
)
[z]n−lq (−1)
lq−lqlz [x]lq−1 . (2.7)
By (2.6) and (2.7), we get
n
log q
q − 1
Aqm,n =
n∑
l=1
(
n
l
)
(−1)lq−l
∫
Zp
[x]m+lq−1 dµ0(x)
∫
Zp
[z]n−lq q
lzdµ0(z)
=
n∑
l=1
(
n
l
)
(−1)kq−lβ˜m+l,q−1
l∑
k=0
(
l
k
)
(q − 1)k
∫
Zp
[z]n+k−lq dµ0(z)
=
n∑
l=1
l∑
k=0
(
n
l
)(
l
k
)
(−1)lq−lβ˜m+l,q−1(q − 1)
kβ˜m+k−l,q.
(2.8)
Thus, from (2.8), we have
Aqm,n =
q − 1
log q
1
n
n∑
l=1
l∑
k=0
(
n
l
)(
l
k
)
(−1)lq−l(q − 1)kβ˜m+l,q−1 β˜n+k−l,q . (2.9)
By (2.5), we easily see that
Aqm,n =I
(z)
0
(
[z]mq−1 ⊛ [z]
n−1
q
)
=I
(z)
0
(
[z]n−1q ⊛ [z]
m
q−1
)
=Aqn−1,m+1.
(2.10)
From (2.5), we have
νp(A
q
m,n) =νp
(
I0
(
[z]mq−1 ⊛ [z]
n−1
q
))
≥ν
(
[z]mq−1 ⊛ [z]
n−1
q
)
− 1
≥ν([z]mq−1) + ν([z]
n−1
q )− 1− 1
≥− 2.
(2.11)
Therefore, by (2.9), (2.10) and (2.11), we obtain the following theorem.
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Theorem 2.1. For m ∈ Z+ and n ∈ N, we have
Aqm,n =
q − 1
log q
1
n
n∑
l=1
l∑
k=0
(
n
l
)(
l
k
)
(−1)lq−l(q − 1)kβ˜m+l,q−1 β˜n+k−l,q.
Furthermore,
Aqm,n = A
q
n−1,m+1, νp(A
q
m,n) ≥ −2.
In particular, if we take m = 0, then by (2.10), we get
Aq0,n = A
q
n−1,1 (q-analogue of Euler identity). (2.12)
From (2.2), we note that
β˜n,q =
log q
(1− q)n+1
n∑
l=0
(
n
l
)
(−1)l−1l
1− q
1− ql
=n
log q
(1− q)n
n∑
l=1
(
n− 1
l − 1
)
(−1)l−1
∞∑
m=0
qlm
=n
log q
1− q
1
(1− q)n−1
n−1∑
l=0
(
n− 1
l
)
(−1)l
∞∑
m=0
q(l+1)m
=n
log q
1− q
∞∑
m=0
qm[m]n−1q ,
(2.13)
where n ∈ N. Thus, by (2.13), we obtain the following theorem.
Theorem 2.2. For n ∈ N, we have
−
β˜n,q
n
=
log q
q − 1
∞∑
m=1
qm[m]n−1q .
Let Fq(t) be the generating function for β˜n,q with Fq(t) =
∑
∞
k=0
1
k! β˜k,qt
k.
Then, by (2.13), we get
Fq(t) =
∞∑
k=0
β˜k,q
k!
tk
=
log q
1− q
∞∑
m=0
qm
{
1 +
∞∑
k=1
k
k!
[m]k−1q t
k
}
=
log q
(1− q)2
+ t
log q
1− q
∞∑
m=0
qme[m]
t
q .
(2.14)
Therefore, by (2.14), we obtain the following theorem.
6 J.J. Seo, T.Kim, S.H.Lee
Theorem 2.3. Let Fq(t) =
∑
∞
k=0 β˜k,q
tk
k! . Then we have
Fq(t) =
log q
(1 − q)2
+ t
log q
1− q
∞∑
m=0
qme[m]
t
q .
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